approach should work for the other exceptional groups. In the present work I address the group F 4 and leave the E 6,7,8 for a future paper. This paper is organized as follows. In the next Sec. after explaining the use of the chain B 4 ⊂ F 4 ⊂ D 13 I obtain concise expressions for the Casimir operators of F 4 . These require the knowledge of the generators of D 13 projected into F 4 . To obtain this projection I describe in the next Sec. the 26-dimensional representation of F 4 and then obtain in the following Sec. the desired projection. In the Conclusion I discuss the quadratic Casimir operator of F 4 and demonstrate that the independent Casimir operators are of degree 2, 6, 8 and 12 (corresponding to the exponents of F 4 being 1, 5, 7 and 11). 
II. THE CASIMIR OPERATORS OF D
with B 4 obtained by omitting α 4 and F 4 obtained by omitting α 0 . That is to say: the 
It follows from Eq. (1) that
where I define the kth power, k ≥ 1, by
(summation convention understood). It now follows that if I define
then these C k commute with the generators of D 13 and so are Casimir operators of D 13 of degree k. Equation (14) provides an elegant expression for the Casimir operators of D 13
and is an example of the type of expressions valid for all the classical grups. All this is well-known and goes back to Perelomov and Popov [5] . I remark that the 13 independent Casimirs of this type are of degree k = 2s, 1 ≤ s ≤ 13. This is because it follows from the antisymmetry property D 
I mean by Eq. (7) that the projectedD 
where I ab is the 26 × 26 matrix with matrix elements
with the labels j, k taking on the same values as a, b: −13 ≤ j, k ≤ 13, zero excluded.
The Cartan generators of F 4 are given in the 26-dimensional representation by the 26×26 matrices as follows:
(10)
(11) (12)
These are precisely the same expressions as were obtained by Patera [6] and Ekins and
Cornwell [7] if I relabel their rows and columns thus: their 1 → mine − 13, their 2 → mine − 12, . . ., their 13 → mine − 1, their 14 → mine + 1, . . ., their 26 → mine + 13.
Given these explicit matrices for the Cartan generators h i , the associated generators e i and f i = e † i in the Chevalley basis are found from the equations [7] [
The summation convention does not apply to Eqs. (14) and A is the Cartan matrix of F 4 :
A solution of Eqs. (14) for the simple generators e i is as follows:
(17)
(18)
where
Except for the renumbering of rows and columns and a different choice of phases, my ex-
pressions for e 1 and e 2 are precisely the same as those given by Patera [6] and Ekins and Cornwell [7] . However my expressions for e 3 and e 4 differ from the corresponding expressions of those authors. It would seem that they resolved some of the arbitrariness in the solution by demanding that it be real; I require that it display the antisymmetry across the antidiagonal corresponding to the fact that we have an orthogonal representation.
In accordance with my labeling of generators of F 4 in the B 4 basis in terms of the adjoint and the spinor of B 4 I have that the above simple generators e i should be labeled as follows:
Next I form commutators of the simple generators and obtain level one generators
level two generators 
level three generators 
level four generators
(25) level five generators 
one level seven generator
one level eight generator (32) and so on for the generators in higher levels.
Moreover, for the hermitian Cartan generators I have that the Chevalley and B 4 bases are related as follows: (36) is achieved by
where the inverse of the 13 × 13 matrix U is given by
where the factor 
for the 16D b 9 with 9 > |b|:
for the 8D b 5 with 5 > |b|:
This completes the calcultion of the Casimir operators of Continuing along these lines I find that the degree 8 is functionally independent of the degree 2 and 6, while the degree 10 is dependent:
and lastly the degree 12 is independent of those of lower degree. Since all the Casimirs are functions of the four quantities b 
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